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Shadow gap in the over-doped (Ba1−xKx)Fe2As2 compound
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Department of Physics, Chonnam National University, Kwangju 500-757, Republic of Korea
(Dated: March 1, 2018)
The electron band around M point in (Ba1−xKx)Fe2As2 compound – completely lifted above the Fermi level
for x > 0.7 and hence has no Fermi Surface (FS) – can still form an isotropic s-wave gap (∆e) and it is the main
pairing resource generating an s-wave gap (∆h) with an opposite sign on the hole pocket around Γ point. The
electron band developing the SC order parameter ∆e but having no FS displays a shadow gap feature which will
be easily detected by various experimental probes such as angle-resolved photoemission spectroscopy (ARPES)
and scanning tunneling microscope (STM). Finally, the formation of the nodal gap ∆nodal with A1g symmetry
on the other hole pocket with a larger FS is stabilized due to the balance of the interband pairing interactions
from the main hole band gap ∆h = +∆ and the hidden electron band gap ∆e = −∆.
PACS numbers: 74.20,74.20-z,74.50
Introduction: The superconducting (SC) transition is the
most well known example of the Fermi surface (FS) in-
stability along with other density wave instabilities such as
spin density wave (SDW), charge density wave (CDW), etc.
Mathematically, it is summarized by a pairing susceptibility
χ(T ) = λ ln [Λhi/T ] of a conduction band of the Bloch states
[1], where λ is a dimensionless coupling constant and Λhi is
the high energy cut-off of the pairing interaction (for example,
Λhi = ωD, Debye frequency, for phonon interaction). For the
conduction band with a Fermi surface (FS), the low energy
cut-off is in fact zero because the presence of FS allows the
zero energy excitations, which is now replaced by T at finite
temperature in the above formula. This susceptibility displays
the logarithmic divergence with lowering temperature, hence
no matter how weak the pairing interaction λ is, the instability
condition, χ(T ) → 1, is achieved by decreasing temperature
T → Tc = Λhi exp [−1/λ]. This is called the FS instabil-
ity. However, if there exists a finite low energy cut-off Λlow,
for example, because there is no FS, then the susceptibility
becomes χ ∼ λ ln [Λhi/Λlow] and the instability condition
χ(T ) → 1 can only be satisfied when the coupling strength
λ becomes sufficiently strong, i.e. λ > λcrit = 1ln [Λhi/Λlow ] .
This hypothetical exercise shows that the instability can still
occur with Bloch states without the FS if the coupling is strong
enough. However, notice that the susceptibility χ becomes
temperature independent in this case, hence this mechanism
cannot derive a phase transition in real system by decreasing
temperature. Therefore, we confirm a common knowledge:
no FS, no phase transition with Bloch states.
In this paper, however, we demonstrate that the presence
of the low energy cut-off in the pairing susceptibility does
not prohibit the superconducting (SC) phase transition in the
multi-band SC pairing model mediated by an interband pair-
ing interaction as most probably realized in the Fe-based su-
perconductor [2, 3]. In particular, in the case of the hole over-
doped (Ba1−xKx)Fe2As2 compound, it is known that the elec-
tron band is completely lifted up above the Fermi level, hence
the FS of the electron pocket disappears, for x > 0.7 [4]. In
this case, we show that the SC order parameter (OP) should
still be formed in the electron band, which has no FS, as well
as in the hole band, maintaining the general structure of the
sign-changing s-wave pairing state mediated by the antiferro-
magnetic (AFM) spin fluctuations.
The formation of a SC OP in the band without FS is an un-
precedented SC state and its identification will be a smoking-
gun evidence proving the pairing mechanism of the Iron-
based superconductors mediated by the interband repulsive
interaction[5–8]. This SC gap state without FS will display
a shadow gap feature in various physical properties and this
shadow gap feature can be easily detected by ARPES, STM,
etc. Finally, the formation of the SC pairing condensate in the
electron band, although it is not visible at the Fermi level, is
the main deriving force to determine the SC transition temper-
ature Tc and also plays an important role to stabilize a nodal
SC gap in the second and/or third hole pocket with a larger
FS area. Our scenario naturally explains the Tc variation and
the evolution of a nodal gap in (Ba1−xKx)Fe2As2 compound
with K doping[9–12].
Tc with the electron band lifted above Fermi level: For the
purpose of demonstration, we start with a minimal two band
model[8]: one hole band aroundΓ point and one electron band
around M point in the folded Brillouin Zone (BZ). The pair-
ing interaction is also assumed as a simple phenomenological
form induced by the AFM spin fluctuations defined as
VAFM (k, k
′
) = VM
κ2
|(~k − ~k′)− ~Q|2 + κ2
. (1)
where the AFM correlation wave vector ~Q is assumed to be
~Q = (π ± δ, π ± δ) to incorporate an icommensurability[13].
The coupled gap equations are written as
∆h(k) = −
∑
k′
[Vhh(k, k
′
)χh(k
′
)∆h(k
′
)
+ Vhe(k, k
′
)χe(k
′
)∆e(k
′
)], (2)
∆e(k) = −
∑
k′
[Veh(k, k
′
)χh(k
′
)∆h(k
′
)
+ Vee(k, k
′
)χe(k
′
)∆e(k
′
)]. (3)
2where Vhh(k, k
′
), Vhe(k, k
′
), etc are the interaction defined
in Eq.(1) and the subscripts are written to clarify the mean-
ing of Vhh(k, k
′
) =V (kh, k
′
h), Vhe(k, k
′
) =V (kh, k
′
e), etc.,
and kh and ke specify the momentum k located on the hole
and electron bands, respectively. For the convenience of the
analysis of Tc, we introduce the FS averaged pairing poten-
tial < Vhe(k, k
′
) >FS= Vhe = Veh, then the coupled Tc-
equations are written as
∆h = −
[
VhhNhχh
]
∆h −
[
VheNeχe
]
∆e, (4)
∆e = −
[
VeeNeχe
]
∆e −
[
VehNhχh
]
∆h.
where the pair susceptibility is defined as
χh,e(T ) =
∫ Λhi
0
dξ
ξ
tanh(
ξ
2T
) ≈ ln
[1.14Λhi
T
]
, (5)
and Nh,e are the density of states (DOS) of the hole band and
electron band, respectively. For simplicity of demonstrating
the mechanism, we temporarily drop the intraband interaction
Vhh and Vee, which are always much weaker than Vhe = Vhe.
Then the gap equations can be combined to be
∆h =
[
VheNeχe
] · [VehNhχh]∆h, (6)
≈ [VheNeVehNh]
[
ln
(1.14Λhi
T
)]2
∆h, (7)
hence we can read off the critical temperature
Tc0 ≈ 1.14Λhi exp
[− 1
λeff
] (8)
with λeff =
√
VheNeVehNh. Now if the electron band does
not cross the Fermi level and the bottom of the band is above
the Fermi level by ǫb, the only modification [14] of the above
analysis is to replace the susceptibility of the electron band as
follows
χe =
∫ Λhi
ǫb
dξ
ξ
tanh(
ξ
2T
) ≈ ln
[1.14Λhi
ǫb
]
, (9)
so that the coupled susceptibility in Eq.(7) changes from[
ln
(
1.14Λhi
T
)]2
to
[
ln
(
1.14Λhi
T
)][
ln
(
1.14Λhi
ǫb
)]
and then,
Tc(ǫb) ≈ 1.14Λhi exp (−1/λ˜eff) (10)
with λ˜eff = [VheNeVehNh] · ln
[
1.14Λhi
ǫb
]
. Notice that this
analysis is accurate only when ǫb > Tc0, that is the same con-
dition as ln
[
1.14Λhi
ǫb
]
< 1. In the other limit the susceptibility
of the electron band χe of Eq.(9) should be numerically cal-
culated. Nevertheless the above analysis and Eq.(10) clearly
demonstrate the fact that in the multiband pairing model me-
diated by the interband interaction the FS instability still op-
erates even if the FS of the electron band disappears and the
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FIG. 1: (Color online) Numerically calculated Tc of the two band
model vs the bottom of the electron band ǫb for different values of the
intra-band interaction Vintra/Vinter = −0.4,−0.2, 0.0,+0.2, and
+0.4. Tc values are normalized by Tc0(Vintra = 0.0, ǫb = 0.0).
We assumed a repulsive interaction for Vinter = Vhe = Veh > 0
but considered both repulsive and attractive interactions for Vintra.
For simplicity but without loss of generality, we also chose Nh = Ne
and Vintra = Vee = Vhh.
Tc(ǫb) will only continuously decrease as the bottom of the
electron band ǫb is lifted up above the Fermi level.
In Fig.1, we show the numerical results of the exact Tc(ǫb)
calculated with Eq.(2) and Eq.(3) including both interband in-
teraction (Veh) and intraband interactions (Vee and Veh). The
positive ǫb > 0 value is the distance of the bottom of the
electron band above the Fermi level; therefore no FS exists
for the electron band. The negative ǫb < 0 value means
that the electron band slightly sinks below the Fermi level,
hence has a small FS. We assumed the repulsive inter-band
interaction Vinter = Veh = Vhe > 0 to induce the ∆± gap
solution[8]. However, for the intra-band interaction, we con-
sidered both repulsive and attractive interaction for generality.
The attractive intra-band interaction can be possibly caused
by phonons [15] or by the orbital fluctuations[16]. The over-
all behavior of Tc(ǫb) as a function of ǫb is similar for all
cases; linear decrease for small ǫb value and then exponen-
tial decrease for large ǫb value in accord with Eq.(10). This
behavior is qualitatively in agreement with the Tc variation
with K doping of (Ba1−xKx)Fe2As2 compound[9–12] and we
can understand that the main reason of the decrease of Tc in
(Ba1−xKx)Fe2As2 compound is the lifting of the bottom of
the electron band ǫb with K doping. Furthermore it shows
that even when ǫb is lifted up above the Fermi level and hence
the FS of the electron band completely disappears, the pair-
ing mechanism mediated by the repulsive interband scattering
Vinter between the hole and electron bands continues to oper-
ate. When the intra-band interaction Vintra is sufficiently at-
tractive (the case Vintra = −0.4Vinter in Fig.1), the Tc finally
converges to the limit where the only the hole band forms a SC
transition with the attractive interaction.
3Shadow Gap of the electron band: Here we solved the
coupled gap equations Eq.(2) and Eq.(3) with the realistic
tight binding bands [8] and the fully momentum dependent
phenomenological pairing interaction of Eq.(1). Although it
is not crucial for the results of this paper in the following,
we also employed the incommensurability (δ = 0.32π) of
the spin fluctuations which is recently measured by the neu-
tron experiment in KFe2As2 by Yamada and coworkers [13].
We used two model bands: ǫh(k) = th1 (cos kx + cos ky) +
th2 cos kx cos ky + ǫh and ǫe(k) = te1(cos kx + cos ky) +
te2 cos
kx
2 cos
ky
2 + ǫe with the band parameters as (0.30,0.24,-
0.6) for hole band and (1.14,0.74,ǫe) for electron band with
the notation (t1, t2, ǫ). The electron bands located in the M
points ((π, π) in the folded BZ) is artificially lifted by shift-
ing the parameter ǫe. For example, we need ǫe = 2.28 to set
ǫb = 0.0 which is the case when the bottom of the electron
band just touches the Fermi level. With these parameters, the
DOS of hole band near FS Nh(0) and the DOS of the electron
band near the bottom Ne(0) are ∼ 0.45/eV and ∼ 0.19/eV ,
respectively. Other parameters such as the coupling strength
and the pairing cut-off energy ωAFM , etc need not be accurate
since all results are renormalized by the gap values. With the
above parameters, the ratio of gap sizes is |∆e|/|∆h| ∼ 3.4.
In Fig.2, we show the calculated DOSs, Nh(ω), Ne(ω), and
the total Ntotal(ω). Figure 2.(A) is the case when ǫb = 0.0.
The electron band exists only above the Fermi level. Nev-
ertheless, in the SC state, the Bogoliubov quasiparticles are
formed above and below the Fermi level, hence the DOS
Ne(ω) is created both for ω > 0 and for ω < 0. However,
the shape of Ne(ω) is very asymmetric for above and below
ω = 0 as seen in the right inset of Fig.2(A). It should be
contrasted with Nh(ω) in the left inset which is symmetric
as a typical SC DOS. The total DOS Ntotal(ω) displays this
clear signature of the asymmetric DOS due to the shadow gap
formed in the electron band above the Fermi level. Fig.2(B)
is the case ǫb = |∆e|. In this case the gap size in Ne(ω)
becomes
√
ǫ2b +∆
2
e and the shapes of Ne(ω) and Ntot(ω)
become even more asymmetric than the ǫb = 0 case. This
predicted asymmetric DOS should be easily detected by the
STM measurement.
In Fig.3, we showed the one particle spectral density of
the electron band near the M point. This is calculated by
1
π ImGe(ω, k) =
1
π Im
ω+ǫe(k)
ω2−[ǫ2e(k)+∆
2
e]
. These results are an-
other manifestation of the shadow gap feature of the electron
band which does not have the FS. Fig.3(A) and (B) are the nor-
mal state and the SC state of the case ǫb = 0.0, respectively,
and Fig.3(C) and (D) are the corresponding results of the case
ǫb = |∆e|. In the normal state, the quasiparticles do not
appear below the Fermi level simply because the band does
not exist there. However, when temperature decreases below
Tc, the quasiparticle spectral density appears below the Fermi
level. This dramatic effect should be easy to be detected by
the ARPES measurement and in fact it seems already detected
in other Iron-based superconducting compound FeTe0.6Se0.4
by Shin and coworkers [17] although the interpretation of the
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FIG. 2: (Color online) Calculated density of states, Nh(ω), Ne(ω),
and the total Ntotal(ω) of the two band model in the SC state. (A) is
the case of ǫb = 0.0 and (B) is the case of ǫb = |∆e|.
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FIG. 3: (Color online) The quasiparticle spectral density of the elec-
tron band ǫe(k) near the M point. (A) and (B) are the normal state
and the SC state of the case ǫb = 0.0, respectively. (C) and (D) are
the corresponding results of the case ǫb = |∆e|.
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FIG. 4: (Color online) (Left panel) The FS evolution of three band
model; only the h2-band (green line) varies and the e-band FS is
only for showing and in real calculations it has zero size with ǫb = 0.
(Right panel) The corresponding gap solutions ∆h1 (red line), ∆h2
(green line), ∆e (blue line), respectively.
authors [17] is somewhat different than ours.
Evolution of nodal gap in (Ba1−xKx)Fe2As2: The end
member of (Ba1−xKx)Fe2As2 compound, KFe2As2, has been
considered as the most strong candidate for a nodal gap super-
conductor among the Iron-based superconductors [18]. And
the optimal doped Ba0.6K0.4Fe2As2 is well confirmed to have
the isotropic full s-wave gaps [3, 19]. Therefore the evolution
from a full gap to a nodal gap in (Ba1−xKx)Fe2As2 compound
has been a keen interest in the past years [9–12].
In this section, in order to study the gap evolution in
(Ba1−xKx)Fe2As2, we introduce the minimal three band
model. In particular, we focus on the relation between the
FS size and the anisotropic gap or nodal gap evolution. We
add one more hole band ǫh2(k) = th21 (cos kx + cos ky) +
th22 cos kx cos ky + t
h3
3 (cos 2kx + cos 2ky) + ǫh2 to the previ-
ous studied two band model, so that we have two hole bands
h1 and h2 and one electron band e. The second hole band h2
is tuned to have a larger FS than the one of h1-band; we used
parameters (0.7,−0.1, 0.3, ǫh2) and varied ǫh2 to change the
FS size. For systematic study of the FS evolution, we fix the
sizes of the FS of h1-band and e-band. In the case of e-band,
in fact, we chose to have ǫb = 0, i.e. the FS size of e-band
is zero. The spin fluctuation interaction VAFM (q) given by
Eq.(1) is also fixed with κ = 0.3π and δ = 0.32π.
In Fig.4, we showed the gap solutions for the several dif-
ferent size of the h2-hole pocket. In the left panel, the FSs
of three bands are drawn for different values of ǫh2 in the
folded BZ. As said above, h1-band and e-band are fixed while
only the FS size of h2-band varies. Also the e-band pocket
is drawn only for showing but in real calculations its size is
zero because we chose ǫb = 0. As expected, when the h2-
hole pocket is close to the h1-hole pocket as in Fig.4(A), the
gap solution is basically a ±s-wave state: the hole bands have
all +∆ and electron band has all −∆ despite some degree
of anisotropy. The degree of anisotropy is determined by the
sharpness of the pairing interaction VAFM (q) in momentum
space, which is determined by κ ∼ ξ−1, and the FS sizes. The
reason why the average sign of h2-band gap is ”+” is because
the distance between h2-band pocket and e-band pocket in the
BZ is closer to (π ± δ, π ± δ) than what the distance between
h2-band pocket and h1-band pocket is to (π ± δ, π ± δ).
With increasing the h2-pocket, the h2-band gap ∆h2 ob-
tains the ”+” section and ”−” section, hence becomes a nodal
gap with A1g symmetry. In our simple toy model with a sim-
ple phenomenological interaction Eq.(1) between all bands –
both intra and inter – and without any orbital degrees of free-
dom, this dramatic gap evolution only with a small increase of
the FS size, fixing all other parameters, is demonstrating that
the subtle balance of the repulsive and attractive interactions
between bands is the crucial mechanism to induce and stabi-
lize the nodal gap solution. In the case of Fig.4(B), both +∆
gap of the h1-band and −∆ gap of the e-band exert a similar
strength of the repulsive and attractive interactions, respec-
tively, to the h2-band from the same VAFM (q). Therefore the
h2-band should maximize the condensation energy gain by
properly distributing + OP and − OP, hence developing acci-
dental nodes but keepingA1g symmetry because of the crystal
symmetry. Further increasing the h2-pocket size in Fig.4(C),
the average repulsive interaction from the h1-band is larger
than the average attractive interaction from the e-band, hence
∆h2 develops more negative lobes; here the average interac-
tions < VAFM (q) >h1,h2 and < VAFM (q) >e,h2 depend on
the weighting of DOSs Nh1, Nh2 and Ne and the average q
value in comparison to (π ± δ, π ± δ).
Assuming that the h2-pocket size increases in
(Ba1−xKx)Fe2As2 with the K doping, the overall gap
anisotropy of the h2-band and the systematic development
of the nodal gap structure shown in Fig.4 is surprisingly
consistent with the recent ARPES observation by Shin and
coworkers[20]. Our h2-band should be compared to the outer
hole band and our h1-band represents the inner and middle
bands in Ref.[20]. Of course, there is a discrepancy, that is,
the overall gap size(s) increases with the h2-pocket size in
our calculations which is clearly opposite to the experimental
observation. However, in our calculations in Fig.4, we fixed
the ǫb and VAFM (q) both of which should change with K
5doping in (Ba1−xKx)Fe2As2 toward the direction reducing
Tc and the gap sizes, so that this discrepancy can naturally be
cured with a more realistic model.
Conclusion: We showed that the absence of the FS does
not ruin the FS instability of the SC transition in the multi-
band pairing model mediated by the interband scattering. We
demonstrated that the Tc evolution with the bottom of the elec-
tron band ǫb can consistently explain the experimental Tc evo-
lution of (Ba1−xKx)Fe2As2 compound. As a smoking-gun
evidence of this hidden band pairing proposed in this paper,
we predicted the shadow gap features both in ARPES and
STM measurements. Finally, we demonstrated that the hid-
den electron band should continue to play an crucial role for
the pairing mechanism as well as the nodal gap development
in (Ba1−xKx)Fe2As2 compound.
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